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Abstract. In the present paper we show that the Lorentz algebra £ as defined in [5] is isomorphic to an
algebra U closely related to a g-deformed SU,(2) ® SU,(2) algebra. On this algebra U we define a Hopf
algebra structure and show its action on g-spinor modules. This algebra is related to the g-deformed
Minkowski space algebra by a non invertible factorisation.

Introduction

The g¢-deformed Lorentz [4,5] and Poincare algebra [6]
has been studied in previous papers. The concept of non-
commutative coordinates in a four-dimensional Minkowski
space has been introduced in [9,10], based on a g-Lorentz
group-covariant g-deformation of the Heisenberg algebra.
For the very definition of this algebra orbital g-deformed
angular momentum as well as a scaling operation had to
be introduced.

As usual, orbital angular momentum restricts the rep-
resentations as it has no spinor representations. In the
g-deformed version of the algebra it is convenient to in-
clude the Casimir operator in the defining relations of the
algebra. A restriction of the representations can be ex-
pressed through conditions on the Casimir operators and
thus leads to a non-invertible factorization of the algebra.
This factorization has been studied in [10]. For this pur-
pose a very convenient definition of the g-Lorentz algebra
has been found that exhibits the close relation of the al-
gebra to a deformed SU,(2) ® SU,(2) algebra.

It seems natural to start from this definition of the
g-deformed Lorentz algebra and we shall do so in this pa-
per. We shall show that there exists a Hopf algebra iso-
morphism between this algebra and the Lorentz algebra
defined in [4,5]. Then we study the four-vector-like mod-
ules of the new algebra, relate them to the g-Poincare
algebra and finally to the g-deformed Minkowsky space
algebra [10]. It clearly shows the module structure of the
Minkowski space as a ¢-Lorentz algebra module, whereas
the previous treatment was based on a ¢g-Lorentz group co-
module structure. This can now be generalized to spinorial
modules as well.

Correspondence to: Julius Wess

1 g-Lorentz algebra

The g-Lorentz algebra can be defined in close analogy to
the SU,(2) x SU,(2) splitting of SO(4) if we use eight
generators [3], this follows Pauli’s treatment of SO(3,1)
The SU,(2) algebra can be defined with four genera-
tors [9,10]:

1
quQWLA (1.1)

PN (LoL)=W?—1

EBCALCLB =

The e-symbol is the g-deformed antisymmetric tensor and
the scalar product o is defined with the g-deformed metric
gap- Both are given in the Appendix. A = ¢ — %.

This version of SU,(2) is related to the standard ver-
sion by the transformation:

T+ .= ¢3[2273 Lt (1.2)
T~ = —q3[2272L
(7%) 7% =W = *AL”,

where 72 is the inverse of W — AL,
For 73, T*, T~ the standard g-commutation relation
follows from (1.1).
Tt = ¢T3
T =¢*'T 13
THT™ =T T + g\ 11— 7°)

(1.3)

This version of SU4(2) can be generalized to the g-

Lorentz algebra:
A oA 1 ~ -
APBHC A
ecp”R°RY = UR 1.4
B 42l (1.4)
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copAiBeC — L prga
q[2]

RASP = 2RAB. 5CRP

22N RoR=U% -1
*12PA28 08 =0U" -1

The R-matrix as well as the definition of the [n] symbol
can be found in the Appendix.

The elements U, U’ are central, which is consistent
with the last two equations in (1.4). They are the two
Casimir operators of the g-Lorentz algebra and the last
two equations in (1.4) reduce the number of independent
generators to the six generators R4 and S4.

It is only the sign in the RR relations that differs from
the SU,4(2) relations (1.1). This is due to the non-compact
nature of SO(3,1). For the RS relations covariance and
the Poincare-Birkhoff-Witt property demands the above
structure. The algebra (1.4) is compatible with the conju-
gation properties

U=0
ﬁ = —gABSB
84 = _gABRB

The algebraic relations (1.4) and (1.5) define a ¢-
Lorentz algebra. To verify this statement we first show
that the seven-generator version of the g-Lorentz algebra
[5], which we shall call the £-algebra, can be mapped into
our algebra which we shall call the I]—algebra. The algebra
morphism ¥: £ — U is analogous to the morphism given
n (1.2). We first identify the “diagonal” SU,(2) part that
is isomorphic to the algebra (1.1):

2
i = B (080 - 0B + NRecs RP5C) (10

W = 00" — ¢®\2[2]? (R o s)

(1.5)

This is a generalization of the algebra automorphism found
in [10] and was first found in [12].
From (1.2) follows the identification of the SU,(2) part

of U: L — U:

T = qf[2)8 75 LY (1.7)
T = fq%[Q]%%%if
= (?%)2

where 72 is the inverse of W — q3Af13. For the remaining
four generators of £ we found:

(1.8)
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The algebraic relations of £ as they were given in [5]
follow from the relations (1.4). This establishes the algebra
morphism of ¥: £ — U. Tt also preserves the conjugation
properties.

The inverse of this morphism can also be found. For
®: U — L we have:

Rt :=q2[2] 7272 (1.9)
R = —q (272 (¢St + 7T
p3 . 2m— 1 0,2 7_1
Bt T e )
S e
2 TR
§= = —q 3R () 2 5 (1.10)
Gt . q—%m—% (T3)*% (qT3T2 _ 02T+)
83 (- A« 1 o2 _ 3.1
&= )7 (ST + g )
2

20 TRl

The detailed verification that this is the desired *alge-
bra homomorphism @ is tedious.

2 Hopf algebra structure

For £ a Hopf algebra structure was defined in [5]. It is
possible to carry this structure on Y. To write the comul-
tiplication in a more compact form we define the elements
p and & of U:

(2.11)

(2.12)

(2.13)

The coproduct A:

A (R*) =6QRT—Rt®)p (2.14)
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A(ST)=85"@6-p®5"
A(Sh) = (77 @ 7%) [—[g]aﬁ ®+725
+R* @ (PN2PS LT - p)
A A q .;
+6®@ |RT — =6L"
( 2]

(2.15)

(2.16)

S(p) =726
S (S+) — Rt f;]%%im
5(57) =~
q*Al2] ¢*A2]
s(0) =0
5(6) = —#7p

This establishes ¢ as a Hopf algebra.

3 U4 module structures
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In [5] a spinor module over the Hopfalgebra £ was intro-
duced. Since the Hopfalgebra U is isomorphic to £ as we

have seen in the previous section an equivalent action of u
on the spinor module can be calculated. The results are:

3

Rte = ah* —q 22 dyp
Rtz = qff%+
I:ﬁy _ yR+
1 -
Rty = —yR*
q
R‘x = xfi_

Ry=yR +q 2[2] 2zp
Ry =qyR™

R 2 1 3
Rz = —aR® — ——aU — \g2[2 R

T T T
RP% = Z2R? — A\ 2[22yR*

. 9 . 1 . - .
R3y:myR3—|—WyU+/\q [2] 2xRT
R’y = gR®

X 4 . . .
Ur = [[2]]233U — g Nz R? + )\QQ%[Q]%yR_
Uz =zU

X 4 . . .
Uy = [[Q]LyU + PN2YR? — N2q22]2 2R
Uy =gU

. 1

pr = wh

P = Tp— Nq? 23R
Py = ayp

(3.17)

(3.18)

(3.20)

(3.21)



S~z =-x5"
q
S T=78" —q 32 %y
S~y =qyS™
§ =75

597 = 238t - gt — g A ) s
2] P22 ¢ 2[27y
Sy = y5°
5”37_37 3, 1 0+ Aqh[2] 438~
TR Tqpp?t T T
Uz = z2U'
r = Wi pxemss - gt iys
“pEt e a*[2)*7
U’y = yU/
J 4 3 a 5 1 A
Uy = [[2]]221(]’ + g\*gS® 4+ N2q2[2]25S
b1 = 26 — \2q2 2249~
0T = qu
oY = Yo
1.
gy = —Yyo
q

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

We know how the algebra £ acts on module spaces.

Starting from spinor modules all the finite dimensional
modules can be constructed. We are interested in the
Minkowski module representing four-dimensional space
time or the energy momentum variables P® as well. The
L module structure implies a U module.

The algebraic structure of the four-vector space com-

patible with the comodule structure is:

POpA = pAp®

e PBPC = —gA\P'PA
On this space, U acts as follows:
sap0 _ 14 Hopa

P’ = _—=P
R 22 R
1 - A .
— 7PAU + 7€CBAPBRC
q[2)? q[2]

~ 1 ~ ~
RAPB — ﬂ q2[2]PARB _ )\ECABPORC

(3.27)

(3.28)
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1 R
A AB Po R o ABPOU
g7 ( ) 22’
2 . 1 .
_*ECABESTCPTRS + 5 ECABPCU
q 7*[2]
gapo = 4 poga (3.29)
[2]2
_ 1 pap + igCBAPBSC
2] q(2]
gaps - L [2]PASE — AecABPYSC
q(2]
+q2AgAB(PO SV) _ égABPOU/
2 . 1 .
_7€CAB€STCPTSS _ 5 €CABPCUI
q 7*[2]
~ 4 ~ N
UP® = [[2]]2P0U —g\*(PoR) (3.30)
UPA _ [gﬁLPA[A] o qS)\ZPORA o qA2€CBAPBRC
U'P° = [[;]“]QPOU’ —*N\(PoS) (3.31)

~ 4 ~ ~ ~
U'pA= [[Q]LPAU’ —gA\2PYSA 4 g e gt PBSC

These relations are consistent with the conjugation prop-
erty: L L
PO=p0  pPA=g,pPB (3.32)
The invariant “length” of a four-vector is:
P?2=_P'P’  Po P =9, PP’ (3.33)
This defines the four-metric 7,;. Invariance means:

AP?>=P%A, for Acl (3.34)

This again justifies to call the u algebra g-Lorentz algebra.

It is useful to know the action of the L algebra defined
in (1.6) on P

LAPP = ¢g*B(Po L) (3.35)
1 N | .
o j€CABPCW . 72€CMA€NCBPMLN
q q
R 4 2 1 R R
WpA = (;2*> PAW + (¢* = 1) epc*POLE
and
LAPY = P°LA (3.36)
WP = POW

Equation (3.36) shows that the 0-component of a four-

vector is left invariant by L. This again justifies to call
them rotations. It follows from (3.36) and(3.35) that
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LA(PoP)=(PoP)LA

W(PoP)=(PoP)W

(3.37)

The Hopf algebra U and its module P can be viewed
as a g-deformation of the Poincare algebra. Together, it
does not have a Hopf algebra structure, however.

Of special interest is a ¢ model that is generated by
two four-vector P* and X* whose algebra can be con-
sidered as a g-deformation of the Heisenberg algera. Its
structure has been studied in detail in [10].

g-deformed Heisenberg algebra:

a 1 _1\ab e
pPext — ?(Rjjl) Wy XP? (3.38)

= A H{(1+q") U + ¢ (1 ") V™)

The quantities (Rfll)abcld and 1% are defined in the
Appendix. The element A~z is a “scaling” operator:

AT2X% = gX A3 (3.39)
A-tpe = Lpogt
q

The element V% is a g-deformed angular momentum
in the four-dimensional X plane. It has a Pauli decom-
position:

VAO _ RA + QQSA

VOA — —q2RA _ SA
VAB — o ,AB (RC _ SC)
VP =0

(3.40)

RA = —g4pS? SA = —gapRP

The element U is related to the Casimir operator:

1
U?—-1= §q4[2}2A2 (RoR+ +S508) (3.41)
U=U

As is always the case, the representations of angular
momentum are restricted. Thus R4 and S4 will not gen-
erate a full g-Lorentz algebra.

In [10] it was shown that this restriction leads to the equa-
tion

RoR=S0S (3.42)

From the point of view of our u algebra, the restriction is
U=0 (3.43)
This, due to (1.4), leads to

RoR=508 (3.44)
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and due to (3.28) it leads to:
0=gapP”* (R” — ¢°SP)
0= PO (SA o q2RA) o 5CBAPB(RC + SC)

(3.45)

These are exactly the relations that were found in [10]
and that generalize the fact that angular momentum is
orthogonal to the momentum and to the coordinates. The
statement for the coordinators is true here as well, P* can
be replaced by X® in (3.45).

It should be noted that the factorization x (3.43) is
an algebra morphism from I/ to an algebra that we shall

call U, but it is not a Hopf algebra morphism, A(U) and
A(U") do not coincide.

Our result can be represented by the following com-
muting diagramme of algebra morphisms:

o=v!
| w l
u L
X (g
u

A Metric, e-tensor, R-martices

In the present paper we used the conventions of [10].
g-numbers are defined as:

[n] := = (A.46)

The nonvanishing entries of the g-deformed metric ten-
sor are:

gaB 933 =1, (A.4T)
1
Gi—=—q, gy =—=;
q

g1B g3 =1, (A.48)
_ _ 1
9T =—q g T=—
q

XoY = gapXAYP
= X3Y3 —gXTYy  — éX*YJF
Xa=gapXP?, X*=g"PXp
The nonvanishing entries of the g-deformed e- tensor are:
(A.49)

A._ 3 _ 2
eop” ie33° =1—¢",
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3
E+—- =(,

3
e P=—q et =1,

2 2
t= —-q,

€3+ e_3 = —q".
Raising and lowering of an index (shown only for the mid-
dle index, valid for the other indices as well) is done ac-
cording to:

ecP = g*Pecp® (A.50)

AB

B
E€CD = gDAEC

Properties of the e-tensor:

eap” =9 %xan (A.51)

X
EABC = YXAEBC
ABX AB

€ €CcDx = €Xx
_ XAB

b'e
€cpD
EXCD

eapxecp™ = ¢*gpages — ¢°9pagpc + EaxpEBC™
ec?Pepa®” = (1+¢"o8
eMPPepac = (1+¢")08

BA

gPapx =0, ¢*Peapx =0

eap® =" gxo (A.52)
G5 = gAB
The BEuclidean R-matrix:
. 1 _
RMop = 040 — Sex*Pepc™ - 1 0" acn (A53)
g-deformed Minkowski metric:
Nab * Moo = —1, NaB = gas, (A.54)
noa =0, 140 =0;
77ab : 77ab = Tab;

XeoVY =y XV? = — X0v% 4+
1

+ X3Y3 —gXtYy ™ — aX—Y+

Xo =X’ X*=n"X,

More relations can be found in [10] [11].

B Useful relations in I/

We give some relations which are needed for explicit calcu-
lations. Equivalent relations in I/ are obtained by setting
U’= U. For more relations see [11].

ZA = €CBARB§C
1 Ap oA
_ —?ECBASBRC

(B.55)
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A N 1 - N
fro§=250f (B.56)
RoZ= 0 (Ro3)
¢ +1
2
~ /\_ q /\/ ~ ~
SoZ—q2+1U (ROS)
A A q2 ~ A N
ZOR:_q2+1 (ROS>
~ 5 1 A N
Zo§=- (709)
RASE = (2SARB (B.57)
aBsc € =1 ap(a £
4ec?PZ 7 g (SOR>
N 1 -~ N
SARP = ?RASB e 2+ (¢ 1) g*P (R0 5)
ec®RPZC = 4254 (EOR) (B.58)
N ~ ~ 1 PN
_2HA A
@R (RoS)+q2+1UZ
PN A N N N N ~ 1 A
ecpA8B2¢ = —RA (so S) + 84S0 R) - poin -2
PN N A\~ N A\ A~ 1 A A
€CBAZBRC=—( ) )SA+ SoR RA+q2+1UZA
ecp?ZBSC = ¢ (SOS’) RA — ¢ (ROS g4
1 Al iz A
7q2+1UZ
2
N ~ ~ q —1 /4 AN\~
RA (RoS)z a (RoR) G4 (B.59)
1 /2 o\ a4 1
t (o) R t o Y?
2
N ~ N —1 /A A\~ N A\ A
SA(ROS)*quQ (S08) R4 +q? (o 5) 8
1 A A
+ U'z4
¢*(¢*> +1)
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